Using spherical harmonic expansions, the electrostatic field due to a given charge distribution, the interaction energy of a charge distribution with a given external field, and the electrostatic interaction energy of two charge distributions are decomposed into multipolar components. Extensive use is made of symmetry arguments. Comparisons with the Cartesian tensor method are also given.
Introduction
Multipole interactions have been reviewed a number of times in recent years in the Cartesian tensor formalism (Buckingham 1965 (Buckingham , 1970 . Although some individual topics have been discussed (Jackson 1962; Brink and Satchler 1962; Rose 1957 ), there appears, however, to be no comprehensive review from the spherical harmonic viewpoint. The use of spherical harmonic or spherical tensor methods is now very widespread and as examples of electrostatic calculations from various fields we mention the following: hyperfine interactions (Ramsey 1956 ), Coulomb excitation of nuclei (Biedenbarn and Brussard 1965) , molecular rotational excitation cross sections (Gray and Van Kranendonk 1966; Takayanagi 1963; Oka 1973 ), rotational energy bands in solid hydrogen (Van Kranendonk 1959) , molecular vibrational relaxation (Sharma and Kern 1971) , structure factors and thermodynamic properties of molecular fluids (Ananth et al. 1974) , collision induced absorption (Poll and Van Kranendonk 1961 ; Gray 1971) . Similar methods can be employed in magnetostatic and electrodynamic problems (cf. following paper (Gray and Stiles 1976) ).
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In the next section we discuss the classic 'onecenter' expansion problem, i.e. the decomposition of the potential field due to a given charge distribution into multipolar contributions. The solution to this problem leads to a natural introduction of the spherical multipole components Q,,. We give the general properties of the Q,,, and special properties for charge distributions of symmetrical shape.
Section 3 deals with the interaction energy of a charge distribution with an externally applied field. This interaction is decomposed into multipolar terms. The relation with the corresponding Cartesian development is discussed.
The 'two-center' expansion problem is taken up in Sect. 4 where the multipole-multipole interaction energy for two charge distributions is developed. This problem was first solved for the general case in spherical tensors by Carlson and Rushbrooke (1950) and has subsequently been discussed from a number of points of view (Beuler and Hirschfelder 1951 ; Rose 1958 ; Sack 1964; Gray 1968 ).
Field Outside a Given Charge Distribution
For simplicity we consider a discrete charge distribution. The electrostatic potential at a point R = (R, 9+) (R, Q) due to the charge ei at ri = (rimi) is ei/r, where r = IR -ril. Choosing an arbitrary coordinate frame with its origin within the distribution we expand the function Can. J. Phys. Downloaded from www.nrcresearchpress.com by UNIV MONCTON on 05/19/17
For personal use only. r -' in spherical harmonics where the C,,'s are unnormalized Racah spherical harmonics with Condon and Shortley phases (Brink and Satchler 1962) . Since r -' is invariant under simultaneous rotation of ri and R the expansion must take the form We note that A,(riR) must be real and symmetric in r i and R, as r -' is real and symmetric in ri a n d R . F o r r # 0 , r -' = IR -ril-'isasolution of Laplace's equation in the variables ri and R. At field points R outside the charge distribution (R > 7,) the dependence of the expansion coefficients on the radial variables is and from the boundary conditions that r -' remain finite as ri + 0 and vanish as R + GO.
The remaining numerical constants A , can be obtained by considering a special case, e.g., when ri and R are both parallel to the polar axis. Using t51 In recent years effects arising from higher (I > 2) permanent and transition multipole moments of nuclei (Brink and Satchler 1962; Wang 1955; Mahler et al. 1966; Mahler 1966) and molecules (Stogryn and Stogryn 1960; Gray 197 1 ; Ozier and Fox 1970; Rosenberg and Birnbaum 1968, 1970) have been detected experimentally. For example the permanent octupole moment of methane and the permanent hexadecapole moment of sulphur hexaflouride have been invoked in an interpretation of collision induced infrared absorption observed in these gases. The hexadecapole moment of the hydrogen molecule has recently been measured experimentally from the collision induced absorption spectrum (Gibbs et al. 1974) , and has also beeh Can. J. Phys. Downloaded from www.nrcresearchpress.com by UNIV MONCTON on 05/19/17
For personal use only. calculated theoretically (Karl et al. 1975) . Also, results of NQR experiments on Sb have been interpreted in terms of the permanent nuclear hexadecapole moment (Wang 1955) .
A number of properties of the Q,,, are immediately evident from the definition [lo] . For a given 1 there are (21 + 1) independent components in general. Under inversion we have Q,,, -+ (-)'QIn,, and under complex conjugation
where E r -m. The Q,, transform under rotations like the spherical harmonics C,,,,. In particular, choosing a coordinate frame fixed relative to the charge distribution, we have the following relation between the components Q,,f, in the space-fixed frame and the components Q,,, in the body-fixed frame :
where D,,,,,' denote the representation coefficients for the rotation group in the convention of Rose (1957) and ( $ 0~) denote the Euler angles of the rotation carrying the space-fixed frame into coincidence with the body-fixed frame.
The number of independent multipole components for fixed 1 is reduced from (21 + 1) if the charge distribution is of symmetrical shape. For example, an axially symmetric distribution has only one independent component for each 1. This follows from the result that for an axial distribution the Q,,, take the form where Q, is a constant and o denotes the orientation of the symmetry axis of the charge distribution. (Rose 1957; Brink and Satchler 1962) by 'the' quadrupole moment is the quantity (J, M = JlQ2,1J, M = J ) . We note that the Q, are zero for odd I if the charge distribution has inversion symmetry. For [I51 to hold the charge distribution need have only an n-fold symmetry axis, where tz > 1. This follows again from the fact that only Q,, is nonzero in the body-fixed frame. (For an t7-fold axis only the Q,,,, for rn = n x ($-integer or zero) are different from zero, since only these components are invariant under rotations of (2x/tz).) Thus [I51 is valid for the quadrupole moment Q2,,, of the NH, molecule which has a threefold axis.
If the charge distribution has additional elements of symmetry, besides the n-fold rotation qxis, it may also be possible to characterize the multipole components of order I > n by a single scalar quantity. Thus for a charge distribution with tetrahedral symmetry T,, (e.g., the methane molecule), which has three twofold and four threefold rotation axes one finds (Gray 1968 The first nonvanishing multipole moment for a neutral distribution with tetrahedral symmetry is the octupole moment. T o see, for example, that the quadrupole moment vanishes, a formal proof using group theory can be given: the identity representation for the group T, does not occur in the subspace I = 2. Alternatively one can argue physically that the multipole moments ([l I]) are a measure of the nonsphericity of the charge distribution, and vanish for a spherical distribution since
We recall that the quadratic form associated with a second rank tensor such as the moment of inertia or quadrupole moment is in general ellipsoidal in shape, but clearly reduces to spherical shape here because of the presence of the four threefold symmetry axes. Hence the quadrupole vanishes because the charge distribution is quasispherical for a second rank tensor like Q,,,,.
For a neutral charge distribution with octahedral symmetry (e.g., the SF, molecule) the first nonvanishing multipole moment is the hexadecapole. The relations [20] and [22] are valid here, if the body-fixed frame is chosen to coincide with the fourfold axes.
The discussion of the number of independent multipole components is more complicated in the corresponding Cartesian representation (Stogryn and Stogryn 1966) .
In the Appendix we discuss the dependence of the Q,,,, on the choice of origin.
where the r dependence is as indicated in order that (b(v) satisfy Laplace's equation with boundary condition (b(0) finite. The expansion coefficients must transform under rotations in the same way as the C,,,, since (b is a scalar, and also must satisfy ( b, , = (-)"(b,,,,* since (b is real. Any special symmetry properties of (b(v) must also be reflected in the ( b, , , . The (b, , , , are determined by an angular integral over (b(r) in the usual way. Alternatively we can relate the (b, , , , to the field and its gradients at the origin by comparing [24] with the Taylor expansion of (b(v) about the origin :
and so on, where C(11121: m,m2m) denotes a Clebsch-Gordan coefficient (Rose 1957) , and V,, the spherical components of the gradient operator; Vo = Vz, and V, , = 1 2-'I2(V, f iV,). The explicit values for the (b, , , , are Substituting [24] in [23] we see that V is a sum over all values of I of terms of the form
Interaction Energy of a Charge Distribution where Q,, is the multipole moment defined by
With a Given External Field [lo] . From [28] we see that the charge interacts The total interaction energy of a charge cloud with the potential, the dipole with the field, the in an external potential field (b(v) is quadrupole with the field gradient, etc.
Multipole Interaction Energy Between Two Charge Distributions Choosing an origin inside the distribution we
The results of this section can be derived from = ( r , o , ) the position relative to origin 1 of a typical charge el of distribution 1, and by v, the corresponding quantity for a charge e, of distribution 2.
The total electrostatic interaction energy of the two charge clouds is given by a sum of terms of the type (e,e,/r,,) , where r , , = Iv, + R -r , I is the separation between el and e,. We expand the function I.,,-' in terms of products of spherical harmonics referred to an arbitrary polar axis, Because r,,-' is invariant under simultaneous rotation of r , , v,, and R the expansion coefficient must obtain a Clebsch-Gordan coefficient, where the factor A l l l z , ( r , r 2 R ) is independent of the m's. To see that is indeed the invariant combination of three spherical harmonics, we note that the sum over m , and m, in [31] produces a function, F,,,(o, a , ) , say, which transforms in the same way as C,l,l(R), and that the final sum over in gives ~l l l F l l , l C l l l l~~, which is the invariant combination of two quantities which transform like C,,,,.
The quantity r , , -' is also invariant under simultaneous inversion of r , , v,, and R. Recalling  that C,,,,(-o) = ( -) ' C , , , , ( o ) , we see that a factor ( -R , -v , , r,) . We do not give these relations for they correspond to regions of configuration space where the charge clouds overlap.
We now use the nonoverlapping condition yields the coefficient in terms of C(11121;000), which is given by (Rose 1957) Hence we get (The phase (-)12 in [38] arises from the choice of R as pointing from distribution 1 to 2.) The total interaction energy between the two charge distributions, zij(eiej/rij), is thus given by a sum over all values of I, and I, of terms of the form where the multipole moments Q,,,, are defined by [lo] . Expression [39] is the general expression for the electrostatic interaction energy between the multipoles of orders I, and I, of distributions 1 and 2 respectively, V, , being the dipole-dipole interaction, V,, the dipole-quadrupole interaction, etc.
The fact that only the maximum value of I, I = I, + I, allowed by the triangle relation among I,, I,, and I occurs is characteristic of the multipole expansion of the Coulomb interaction. For other cases, such as intermolecular overlap and dispersion interactions, terms corresponding to smaller values of I also occur (Gray and Van Kranendonk 1966) . We note from [15] that for two axially symmetric distributions the general formula simplifies to where Ri is the orientation of the symmetry axis of distribution i and and with Q, defined by [17] .
In some calculations it is convenient to choose the polar axis along R. Equation 40 then reduces to T o see for example, that V , , is identical to the familiar Cartesian expression one can write out [42] and [43] explicitly in angles using the fact that C(112; m Z 0) is equal to (2/3)'12 for n 7 = 0 and (1/6)'12 for 17% = $-1. A more elegant approach is to use the algebra of irreducible spherical tensors (Fano and Racah 1959) to show that [43] takes the form of [40] .
Concluding Remarks
We conclude by briefly comparing the Cartesian and spherical tensor methods.
Many calculations involving the dipole and quadrupole moments are of course easily performed using the Cartesian components, although even here some calculations (e.g., computation of matrix elements between angular momentum states) are simpler with spherical components. For the octupole and hexadecapole moments calculations are probably most easily done with spherical components, as they are no more difficult than the dipole case using spherical components. The reason is that simple rules exist (Rose 1957; Brink and Satchler 1962) (Buckingham 1970 ) that the first nonvanishing multipole moment is in-Hence, for example, the quadrupole moment dependent of origin.
Q = Q2 becomes
We also note that for an origin translation lA.61
through a distance a along the symmetry axis of an axial distribution the scalar multipole moment where p is the dipole moment and q the net [17] transforms into charge of the distribution.
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